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ABSTRACT
In high-level designs, variables are often naturally represented
in a symbolic multi-valued form. Binary encoding is an essen-
tial step in realizing these designs in Boolean circuits. This
paper poses the encoding problem with the objective of max-
imizing the degree of symmetry, which has many useful ap-
plications in logic optimization, circuit rewiring, functional
decomposition, etc. In fact, it is guaranteed that there exists
a full symmetry encoding with respect to every input multi-
valued variable for all multi-valued functions. We propose
effective computation for finding such encoding by solving a
system of subset-sum constraints. Experiments show unique
benefits of symmetry encoding.

1. INTRODUCTION
Multi-valued (MV) logic is an extension of propositional

logic with its domain containing more than two values. In
high-level system design, often constants, variables, and func-
tions are specified at the word level, and their domain values
are naturally represented by multi-valued symbols. Never-
theless these symbols have to be binary encoded for final
logic circuit realization. For example, the states of a finite
state machine are pure symbols and can be encoded in binary
codes for circuit implementation.

Optimization of a high-level multi-valued design can be
performed in the following steps [3]. First, the design is op-
timized directly in the multi-valued logic domain [11, 15].
Second, an optimized multi-valued logic expression is then
encoded into binary. Finally, conventional binary logic syn-
thesis can then be performed on the Boolean netlist. For
instance, the multi-valued logic synthesis tool MVSIS [10]
has been developed to support such multi-valued design flow.
Optimization at the multi-valued domain is advantageous
due to the fact that some structural information is available
only at multi-valued domain, and gets lost when translated
into binary [13]. On the other hand, encoding multi-valued
logic into binary may not be unique. It is well known that
binary encoding may have drastic effects on final circuit com-
plexity. For example, there has been extensive work on input,
output, and state encodings for optimal two-level logic imple-
mentation [1, 8, 9, 19]. Encoding for multi-valued multi-level
network was studied in [12].

Most prior work on multi-valued logic encoding was con-
cerned about minimizing area in terms of the number of cubes
and literals. In contrast, this paper formulates a new sym-
metry encoding problem. Given a multi-valued function, we
intend to encode it into binary functions that exhibit a max-
imal degree of symmetry [17] on their input variables. In
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essence, a Boolean function is symmetric on two input vari-
ables if their swap does not change the functionality. Since
symmetry is a functional property, it is an invariant and re-
mains intact under logic transformation. Therefore, encod-
ing using symmetry as an optimization metric can be more
meaningful than using area, which is, after all, hard to pre-
dict under logic transformations.

Symmetric functions have several desirable properties. For
example, symmetry may allow logic rewiring to reduce rout-
ing congestion [7, 5], may ease engineering change order (ECO)
for late design changes, may simplify BDD representation
[18], may reduce communication complexity in functional de-
composition [16], may accelerate Boolean matching in tech-
nology mapping [20], and other benefits. Therefore encod-
ing for symmetry is potentially good for many applications.
Nevertheless, to the best of our knowledge, it has not been
studied in the literature (except our recent work [14]).

As a motivating example, consider the modular arith-
metic function F : Z3 × Z3 → Z3 × Z3 with F (X1, X2) =
(X1 + X2, X1 × X2) for the summation and multiplication
operators being over integers modulo 3. By a naive encod-
ing 0 7→ 00, 1 7→ 01, and 2 7→ 10, the resultant four output
Boolean functions (two for summation and two for multipli-
cation) exhibit no symmetry. However, let 0 7→ 00, 1 7→ 01,
and 2 7→ 11, in the arithmetic system along with the follow-
ing proper function value assignments

PPPPPPPX1

X2 0: 00 1: 01 2: 11 3: 10

0: 00 (0,0) (1,0) (2,0) (1,0)
1: 01 (1,0) (2,1) (0,2) (2,1)
2: 11 (2,0) (0,2) (1,1) (0,2)
3: 10 (1,0) (2,1) (0,2) (-,-)

where symbol “3” denotes the unused code 10 and “-” denotes
a don’t care value. Any of the encoded four output Boolean
functions is symmetric on the two Boolean variables of X1

and on the two Boolean variables of X2. A natural question
is how to systematically find such codes and function value
assignments.

This paper formulates the Symmetry Encoding Problem
(SEP) in terms of solving a system of general subset-sum
constraints. Theoretically, we show that 1) output encoding
is irrelevant to symmetry and only input encoding matters,
and 2) when input MV variables are treated independently,
full symmetry can always be achieve within the Boolean vari-
ables associated to an MV variable by code length expansion.
Practically, we propose an effective decision procedure for
solving a system of subset-sum constraints, whose solution
corresponding to symmetry encoding. Moreover, we propose
an encoding method that provides a tradeoff between the
degree of symmetry and the length of code for practical real-
ization of MV functions. Experimental results show scalable



encoding of functions with tens of thousands of input values.
The encoded Boolean functions exhibit a unique high degree
of symmetry, whereas circuit area and logic depth can be
maintained comparable to other optimal encoding methods.

The rest of this paper is organized as follows. Section 2
provides the preliminaries. Section 3 formulates the symme-
try encoding problem as solving a system of subset-sum con-
straints. Section 4 proposes a decision procedure for solving
subset-sum constraint. Experimental evaluation is presented
in Section 5, and conclusions are drawn in Section 6.

2. PRELIMINARIES
In the sequel, B, N, Z, Zn represent the sets of truth val-

ues {0, 1}, natural numbers, integers, and integers modulo n,
respectively. Also, we shall use upper-case letters to denote
MV functions, e.g., F , and MV variables, e.g., X; lower-case
letters to denote binary functions, e.g., fi, and binary vari-
ables, e.g., xi.

2.1 Symmetry and Functions
The notion of symmetry for a Boolean functions and a

Boolean function vector is defined as follows.

Definition 1. A Boolean function f : Bm → B is sym-
metric on input variables xi and xj for i 6= j if f(x1, . . . , xi,
. . . , xj , . . . , xm) = f(x1, . . . , xj , . . . , xi, . . . , xm). In this case,
xi and xj are said to form a symmetric pair in f . A Boolean
function f is fully symmetric if every pair of input variables
forms a symmetric pair.

Definition 2. A Boolean function vector ~f : Bm → Bn is
symmetric on input variables xi and xj for i 6= j if, for every
Boolean function of f1, . . . , fn in the vector, the two variables
form a symmetric pair. Also, the vector is fully symmetric
if all Boolean functions f1, . . . , fn are fully symmetric.

The collection of all symmetric pairs of ~f forms a symmetry
relation, which is an equivalence relation satisfying reflexivity
(by viewing xi and itself as a symmetric pair), symmetry, and
transitivity.

Given an MV function F : D1× . . .×Dp → C1× . . .×Cq,
a (binary) encoding E maps every input value d ∈ Di for
i = 1, . . . , p and output value c ∈ Cj for j = 1, . . . , q into
Boolean vector E(d) ∈ Bmi and vector E(c) ∈ Bnj , respec-
tively, such that distinct MV symbols remain distinguishable
after encoding. Note that this paper assumes the encoding E
is injective, where an MV symbol is mapped to only one bi-
nary code. Necessarily mi ≥ dlog2 |Di|e and nj ≥ dlog2 |Cj |e.
Effectively E transforms F into a Boolean function vector
~f : Bm1 × · · · × Bmp → Bn1 × · · · × Bnq .

In this work, we are concerned with the symmetric pairs

formed by the input variables of ~f that encode the same
MV input variable of F . Therefore, an equivalence class of
symmetric input variables, called a symmetric class, is local
to their original MV input variable. To assess the degree of

symmetry for a function vector ~f encoded from F , we use
the following metric.

Definition 3. The symmetry degree of ~f with respect to
an MV input variable Xi of F is the cardinality of the largest
symmetric class among the variables that encode Xi.

Definition 4. A cofactor of a Boolean function vector
~f(~x) with respect to some of its inputs ~x ′ = b for ~x ′ ⊆ ~x and

b ∈ B|~x
′|, denoted ~f |~x ′=b, is a partial valuation of ~f with ~x ′

substituted with b. Similarly, a cofactor of an MV function
F (X1, . . . , Xp) with respect to its input Xi = d for d a domain
value of Xi, denoted F |Xi=d, is a partial valuation of F with
its input Xi substituted with d.

Example 1. Consider the modular arithmetic function F :
Z4 × Z4 → Z4 × Z4 with F (X1, X2) = (X1 + X2, X1 × X2)
for X1 and X2 being integers modulo 4. Its function table is
shown below.

PPPPPPPX1

X2 0 1 2 3

0 (0,0) (1,0) (2,0) (3,0)
1 (1,0) (2,1) (3,2) (0,3)
2 (2,0) (3,2) (0,0) (1,2)
3 (3,0) (0,3) (1,2) (2,1)

The cofactor of F with respect to X1 = 0 is a new function
with function values (0, 0), (1, 0), (2, 0), and (3, 0) for X2 =
0, 1, 2, and 3, respectively.

2.2 Multisets and Subset-sum Constraints
A (finite) multiset A of integers is a two-tuple (S, µ) con-

sisting of a (finite) set S ⊆ Z and a multiplicity function
µ : Z → N with µ(e) denoting how many times an element
e ∈ Z is present in A. (For e /∈ S, we assume µ(e) = 0.) That
is, the notion of a multiset generalizes that of a set in its al-
lowance of multiple occurrences of an element. For example,
A = ({−2, 1, 2, 5}, {µ(−2) = 1, µ(1) = 2, µ(2) = 1, µ(5) =
1}) is a multiset, also represented as {−2, 1, 1, 2, 5}.

Given a multiset A of integers, the summation of all its
member integers (counting the multiplicities) is denoted as∑

(A) and the size of A, denoted |A|, can be computed by∑
(µ(a)) where a ∈ A. For example,

∑
(A) = 7 and |A| = 5

for A = {−2, 1, 1, 2, 5}. The union of two multisets A =
(SA, µA) and B = (SB , µB), denoted A t B, is a multiset
(SA ∪SB , µA +µB) with (µA +µB)(e) = µA(e) +µB(e). We
say that a multiset A = (SA, µA) is a sub-multiset of B =
(SB , µB), denoted A v B, if SA ⊆ SB and µA(e) ≤ µB(e)
for every e ∈ Z.

Given a multiset A of integers and an integer t, the subset-
sum problem asks whether there is a multiset A′ v A with∑

(A′) = t. For example, A = {−2, 1, 1, 2, 5} has a sub-
multiset {−2, 1, 1} that sums up to t = 0. As a matter of
fact, the subset-sum problem is NP-complete [6]. In this
paper, we generalize the subset-sum problem to a system of
subset-sum constraints as follows.

Definition 5 (subset-sum constraint). Given two mul-
tisets E and T = {t1, . . . , tk} of integers, the subset-sum con-
straint problem of E summing to T asks whether there exist
Ei v E for i = 1, . . . , k such that

∑
(Ei) ./ ti and

⊔
Ei v E,

where ./∈ {<,≤, >,≥,=}.

Note that the standard subset-sum problem is the special
case with ./ set to = and |T | = 1.

3. ENCODING FOR SYMMETRY

3.1 Problem Statement

Problem 1 (encoding for full symmetry). Given an
MV function F (X1, . . . , Xp), we aim to find an encoding E
such that the encoded Boolean function vector ~f is full sym-
metric within every set of Boolean variables that encode MV
input Xi of F , for i = 1, . . . , p.

Problem 2 (encoding for partial symmetry). Given
an MV function F (X1, . . . , Xp) and the coding lengths for
X1, . . . , Xp, we aim to find an encoding E such that the en-

coded Boolean function vector ~f is maximally symmetric within
every set of Boolean variables that encode MV input Xi of F ,
for i = 1, . . . , p.



By the following theorem, we know that the encoding for
MV output values (referred to as output encoding) are irrel-

evant to the symmetry relation of ~f and only the encoding
for MV input values (referred to as input encoding) matters.

Theorem 1. Given an MV function F : D1× · · · ×Dp →
C1 × · · · × Cq, let E1 and E2 be two (injective) encodings
that differ only in output encoding. Then their respective

encoded Boolean function vectors ~f(~x) and ~g(~x) exhibit the
same symmetry relation.

Proof. Since the encodings E1 and E2 are injective, their
left inverses exist. Let E−1

1 be the left inverse of E1. The
composite function E2 ◦ E−1

1 maps, for every output value

c ∈ Ci with i = 1, . . . , q, the output code of ~f encoding c to
the output code of ~g encoding the same c. Let u be a truth
assignment to the variable vector ~x and u′ be a permuted

version of u with a swap of a pair of bits. Then ~f(u) = ~f(u′)
if and only if ~g(u) = ~g(u′). Hence the symmetry relations of
E1 and E2 are the same.

Accordingly we may focus on input encoding, and even deter-
mine output encoding afterwards as it does not affect symme-
try relation. This property is crucial for finite state machine
state encoding, which involves both input and output en-
codings (essentially current states and next states should be
consistently encoded). Therefore in what follows we focus on
the input encoding.

3.2 Encoding for Full Symmetry
We present some notation before introducing the theory.

Definition 6 (pattern and pattern set). We call a
Boolean vector ~p ∈ Bm a pattern of length m. Let Pm denote
the set of patterns of length m, and Pm

h ⊂ Pm be the set
of patterns with hamming weight h (the number of 1’s in a
binary code).

So |Pm| = 2m and |Pm
h | =

(
m
h

)
. For example, for P 3

1 =

{001, 010, 100} and P 2 = {00, 01, 10, 11}, |P 3
1 | =

(
3
1

)
= 3 and

|P 2| = 22 = 4.
For (injective) symmetry encoding, we associate a unique

pattern to each (MV) input symbol (recall the focus of input
encoding). The problem of associating patterns to appropri-
ate input symbols can be considered as solving a system of
subset-sum constraints with ./ fixed to ≥ as follows.

Theorem 2. Given an MV function F (X1, . . . , Xp) to be
encoded, let Di be the set of domain values of variable Xi

and let ~xi, with |~xi| = mi, be the Boolean variable vector
that encodes Xi. Let multiset Ei consist of integers |Pmi

h | for
h = 0, . . . ,mi, and multiset Ti consist of the size of every
equivalence class induced by the equivalence relation a ≡ b if
and only if F |Xi=a = F |Xi=b for a, b ∈ Di. There exists a

Boolean function vector ~f encoding F that is fully symmetric
with respect to Xi if and only if the subset-sum constraint
problem of Ei summing to Ti is satisfiable under ./ set to ≥.

Proof. (⇐=) Let ~xi be the Boolean variable vector that

encodes Xi in ~f . The satisfiability of the subset-sum con-
straint of Ei summing to Ti infers that for each t ∈ Ti

there exists a multiset A v Ei, such that
∑

(A) ≥ t. For
such a multiset A, there exists a corresponding pattern set
PA =

⋃
j P

mi
j for some j’s with |PA| =

∑
(A); for such a t,

there exists a corresponding equivalence class D ⊆ Di with
t = |D|. Since

∑
(A) ≥ t, we can always find an encod-

ing E that associates every d ∈ D to a distinct pattern in
PA. Furthermore, we can always make the cofactored func-

tion vector ~f |~xi=pa of every pattern pa ∈ PA unused by E

equal to the cofactored function vector ~f |~xi=p′a for any pat-

tern p′a ∈ PA used by E . This process makes the functional-

ity of ~f( ~x1, . . . , ~xi, . . . , ~xp) unchanged under any permutation

among ~xi. Hence the resulting ~f is fully symmetric with re-
spect to Xi.

(=⇒) Assume that there exists an encoding E transform-

ing F into ~f , which is fully symmetric with respect to Xi.
Let multiset T ′ consist of the size of every equivalence class
induced by the equivalence relation a ≡ b if and only if
~f |~xi=a = ~f |~xi=b for a, b ∈ Bmi . For every t′ ∈ T ′, there
is a multiset A v Ei such that

∑
(A) = t′. Also,

⊔
A v Ei.

Otherwise, ~f is not fully symmetric with respect to Xi and
contradicts to the assumption. Since E is injective, for every
t ∈ Ti there exist t′ ∈ T ′ such that t′ ≥ t and

∑
(A) ≥ t.

Thus the subset-sum constraint of Ei summing to Ti is sat-
isfiable.

(So Ei consists of the binomial coefficients
(
mi
k

)
for k =

0 . . .mi.) In fact, the proof shows a constructive way to find
the encoding E from a satisfying solution to the subset-sum
constraint. Essentially the solution guarantees an injective
mapping of each MV symbol to some unique code pattern.
In addition, it guarantees that we can make all the patterns
in Pm

h for any h have the same cofactored function vector,

which in turn makes ~f invariant under bitwise permutation
among the encoded variables of Xi.

Example 2. Consider the function of Example 1. Let
m1 = 2 for X1. Then we have E1 = {1, 2, 1} since |{00}| = 1,
|{01, 10}| = 2, and |{11}| = 1. Moreover, T1 = {1, 1, 1, 1}
since F |X1=0, F |X1=1, F |X1=2, and F |X1=3 are all distinct
functions. Because the subset-sum constraint of summing E1

to T1 is unsatisfiable, there exists no encoding of using two
bits for X1 that would make the encoded function vector fully
symmetric in the two bits of variables.

As suggested by Example 2, full symmetry may not be
achieved in encoding an MV input variable of an MV func-
tion with respect to a specified code length. In reality, it
is often desirable to keep the code length short. Therefore,
one may search a proper code length starting from the min-
imum mmin = dlog2 |Di|e. If the corresponding subset-sum
constraint is not satisfiable, the code length can be increased
to check if symmetry encoding is possible at an expanded
length. One might ask whether full symmetry is always
achievable by code length expansion, and moreover whether
there exists an upper bound for code length expansion. The
answers to these questions are affirmative as the following
theorem asserts.

Theorem 3. Given an MV function F (X1, . . . , Xp) with
Di being the set of domain values of variable Xi, let multiset
Ei consist of integers |Pmi

h | for h = 0, . . . ,mi, and multiset
Ti consist of the size of every equivalence class induced by the
equivalence relation a ≡ b if and only if F |Xi=a = F |Xi=b for
a, b ∈ Di. There always exists a coding length mi for Xi

such that the subset-sum constraint of Ei summing to Ti is
satisfiable.

Proof. Let mi = max(tmax, |Ti|+1), where tmax is largest
element in Ti. Every element of the multiset {

(
mi
k

)
| k =

1, . . . ,mi − 1} is greater than or equal to any t ∈ Ti. More-
over, the size of such a multiset is greater than or equal to
|Ti|. It guarantees that the subset-sum constraint of Ei (cor-
responding to such a large mi) summing to Ti is satisfied.

Example 3. Continuing Example 2, let m1 = 3. The cor-
responding E1 becomes {1, 3, 3, 1} since |{000}| = 1, |{001,



010, 100}| = 3, |{011, 101, 110}| = 3, and |{111}| = 1,
whereas T1 remains the same. Letting E1 = {1}, E2 = {1}, E3

= {1}, E4 = {1} and t1 = t2 = t3 = t4 = 1, apparently∑
(Ei) ≥ ti for i = 1, . . . , 4. The subset-sum constraint is

satisfied.
With this satisfiability, we may encode D1 domain value 0

to 000, 1 to 001, 2 to 011, and 3 to 111. Further, for the un-
used codes 010, 100, 101, and 110, their cofactored function
vectors should be made equal to their used counterparts with

the same hamming weights. That is, ~f |~x1=010 and ~f |~x1=100

should be made equal to ~f |~x1=001; ~f |~x1=101 and ~f |~x1=110 equal

to ~f |~x1=011. So the encoded function vector can be fully sym-
metric to the three Boolean variables ~x1 of X1.

3.3 Encoding for Partial Symmetry
Although encoding for full symmetry is guaranteed to ex-

ist, it may require impractically long code lengths. Here we
explore how to find maximal partial symmetry under a code
length limitation. Before presenting the main results, we de-
fine the following notation.

Definition 7. Let p1•p2 be a pattern resulted from a con-
catenation of patterns p1 and p2. For a pattern p and a pat-
tern set P , let p • P be {p • p′ | p′ ∈ P}.

For example, for p = 11 and P = {001, 010, 101}, p • P =
{11001, 11010, 11101} and |p • P | = |P | = 3.

The following theorem characterizes the condition of the
existence of partial symmetry.

Theorem 4. Given an MV function F (X1, . . . , Xp) to be
encoded, let Di be the set of domain values of variable Xi

and let ~xi, with |~xi| = mi, be the Boolean variable vector
that encodes Xi. Let multiset Ei(r), with respect to r for
0 ≤ r ≤ mi−2, consist of integers |p•Pmi−r

h | for all patterns
p ∈ Br and h = 0 . . .mi − r, and multiset Ti consist of the
size of every equivalence class of Di under the equivalence
relation a ≡ b if and only if F |Xi=a = F |Xi=b for a, b ∈ Di.

There exists a Boolean function vector ~f encoding F where
any two of the last mi − r variables of ~x form a symmetric
pair if and only if the subset-sum constraint problem of Ei(r)
summing to Ti is satisfiable under ./ set to ≥.

Proof. (⇐=) The satisfiability of the subset-sum con-
straint of Ei(r) summing to Ti infers that for each t ∈ Ti

there exists a multiset A v Ei(r), such that
∑

(A) ≥ t. For
such a multiset A, there exists a corresponding pattern set
PA =

⋃
k pk •

⋃
j∈Jk

Pmi−r
j for some pk ∈ Br and correspond-

ing integer set Jk with |PA| =
∑

(A); for such a t, there exists
a corresponding equivalence classD ⊆ Di with t = |D|. Since∑

(A) ≥ t, we can always find an encoding E that associates
every d ∈ D to a distinct pattern in PA. Furthermore, we

can always make the cofactored function vector ~f |~xi=pa of
every pattern pa ∈ PA unused by E equal to the cofactored

function vector ~f |~xi=p′a for any pattern p′a ∈ PA used by E .

This process makes the functionality of ~f( ~x1, . . . , ~xi, . . . , ~xp)
unchanged under any permutation among the last mi − r
variables of ~xi. Hence any two of the last mi− r variables of

~x form a symmetric pair of the resulting ~f .
(=⇒) Assume that there exists an encoding E transform-

ing F into ~f , such that any two of the last mi − r variables

of ~x form a symmetric pair of ~f . Let multiset T ′ consist of
the size of every equivalence class induced by the equivalence

relation a ≡ b if and only if ~f |~xi=a = ~f |~xi=b for a, b ∈ Bmi .
For every t′ ∈ T ′, there is a multiset A v Ei(r) such that∑

(A) = t′. Also,
⊔
A v Ei(r). Otherwise, there exists two

of the last mi − r variables that do not form a symmetric

SymmetryEncoding
input: an MV function F (X1, ..., Xp)

output: encoded Boolean function vector ~f(~x1, . . ., ~xp)
begin
01 for i from 1 to p
02 Res[i] := ∅;
03 Ti := GenerateT(F , Xi);
04 num input bit := dlg |Di|e;
05 num relax bit := 0;
06 min relax bit := ∞;
07 while true
08 result := Solving(num input bit, num relax bit, Ti);
09 if result = FAIL
10 if symm-maxs
11 num input bit := num input bit +1;
12 else // symm-minl or symm-trad
13 num relax bit := num relax bit +1;
14 else
15 if symm-maxs or symm-minl
16 Res[i] := result;
17 break;
18 else // symm-trad
19 if min relax bit > num relax bit
20 min relax bit := num relax bit;
21 num input bit := num input bit +1;
22 tmp result := result;
23 else
24 result := tmp result;
25 Res[i] := result;
26 break;

27 ~f := Encode(F , Res);

28 return ~f ;
end

Solving(num input bit, num relax bit, T )
begin

01 num copy := 2(num relax bit);
02 level := num input bit − min relax bit;
03 E := ∅;
04 for j from 1 to num copy
05 E := E t BinomialCoefficients(level);
06 return SolveSubsetSum(E,T );
end

Figure 1: Algorithm: Symmetry encoding

pair of ~f and contradicts to the assumption. Since E is injec-
tive, for every t ∈ Ti there exist t′ ∈ T ′ such that t′ ≥ t and∑

(A) ≥ t. Thus the subset-sum constraint of Ei(r) summing
to Ti is satisfiable.

The above parameter r is referred to as the number of relaxed
bits for partial symmetry encoding. Notice that Theorem 2
is a special case of Theorem 4 with r setting to 0.

The multiset Ei(r) can be intuitively understood as the
multiset union of 2r copies of the binomial coefficients

(
mi−r

k

)
for k = 0, . . . ,mi − r. For example, given encoding length
mi = 4 and we relax symmetry with 2 bits, Ei(2) = {1, 2, 1, 1,
2, 1, 1, 2, 1, 1, 2, 1} which is 22 copies of binomial coefficients(
4−2
k

)
for k = 0, 1, 2.

3.4 Symmetry Encoding Algorithm
Figure 1 shows the procedure for symmetric encoding with

three optional strategies, including symm-maxs, which pur-
sues maximal symmetry without code length limitation, symm-
minl, which pursues maximal degree of symmetry with re-
spect to the minimum code length limitation, and symm-
trad, which admits code length increase until the number
of relaxed bits stops decreasing.

In Figure 1, for every input variable Xi in the given MV
function F , we first calculate the target multiset Ti by The-
orem 2, followed by searching an encoding that makes the

encoded function ~f symmetric with respect to Xi under the
required strategy. In each iteration of the while loop, if the
subset-sum constraint is proved to be satisfiable, the process



SolveSubsetSum(E, T )
begin
01 table := BuildSubsetSumTable(E, largest element in T );
02 F := CheckFalse(table,|E|,T );
03 if F 6= ∅
04 return FAIL;
05 return Search(table, E, T );
end

CheckFalse(table, row index, T )
begin
01 false position := (∅, constant zero);
02 for t ∈ T
03 if table[row index][t] = false
04 false position := false position t{t};
05 return false position;
end

Figure 2: Algorithm: Subset-sum constraint solving

proceeds to the next Xi. If not, for the next iteration, to pur-
sue full symmetry with expanded coding length (respectively
partial symmetry with minimum coding length), increase the
coding length “num input bit” (respectively the number of
relaxed bit “num relax bit”) by one. If both coding length
expansion and bit relaxation are required (in the case of
symm-trad), we search a coding length with a relatively
high degree of symmetry in a heuristic way. For every cur-
rent minimum number of relaxation bits “min relax bit”, we
try to increase encoding length and intend to find a smaller
number of relaxation variables. If this attempt fails, there
is no such coding length, and we conclude that the coding
length resulting in the current minimum number of relaxation
bits is an appropriate length.

4. SUBSET-SUM CONSTRAINT SOLVING
This section presents a decision procedure, outlined in Fig-

ure 2, of subset-sum constraint solving for symmetry encod-
ing. Given two multisets E and T as specified in Definition 5,
the procedure SolveSubsetSum first builds a table for effec-
tive solution search using dynamic programming (based on
the standard approach to the conventional subset-sum prob-
lem [6]). It then performs CheckFalse for fast screening by
solving a single-target subset-sum problem with respect to
each t ∈ T . If there is a target cannot be achieved, there
is no solution to the original problem, and the procedure re-
turns failure. Otherwise, it invokes Search to find a solution.
The major steps are explained in detail as follows.

4.1 Building Subset-sum Table
Let the multisets E = {e1, . . . , em} and T = {t1, . . . , tk

be sorted in an ascending order. BuildSubsetSumTable con-
structs a two-dimensional table, whose rows and columns
are indexed by the sequence 0, e1, e2, . . . , em and sequence
−em + 1,−em + 2, . . . , tk, respectively. The entry at the ith

row and the column indexed by j, denoted S[i, j], corresponds
to a predicate indicating whether the values chosen from the
first i items in E can sum to a value greater than or equal to
j.

For j ≤ 0, S[i, j] is True. For i = 0 and j > 0, S[i, j] is
False. The other entries should satisfy

S[i, j] = S[i− 1, j − ei] ∨ S[i− 1, j], (1)

where the truth of S[i, j] is determined by two possibilities
depending on whether ei is chosen or not. If yes, S[i−1, j−ei]
is True; if no, S[i− 1, j] is True.

Example 4. Continue Example 3. The corresponding subset-
sum table can be found in Figure 4.

subset-sum table 

early-backtrack checking 

make a choice 

success fail 

Conflict  

Success 

Yes 

No 

Search 

Success 

solution 
found? 

top decision 
level? 

No  

Conflict  

T E 

Yes 

backtrack 

Figure 3: Search flow for subset-sum constraint solving

4.2 Solution Search for Subset-sum Constraints
For |T | = 1, the solution can be spotted from the table

directly. We simply check whether the table entry at the in-
tersection of the |E|th row and the column indexed by t ∈ T is
True. If yes, we may trace back for finding the corresponding
sub-multiset of E. Otherwise, no solution exists. However,
to solve a constraint with multiple summation targets, we
have to search in the table to find a solution that satisfies all
summation targets simultaneously.

As shown in Figure 3, the subset-sum constraint solv-
ing procedure performs a series of decisions that determine
at each row whether or not the corresponding row element
should be used, and if yes, which entry t ∈ T should use
the row element. Start from the |E|th row of the table, it
recursively goes back and forth to visit each row to make the
decisions. When a decision is made, we modify the corre-
sponding t by subtracting the row element from it. When
a conflict occurs due to a decision, backtrack and make an-
other decision. The search procedure terminates either when
all t ∈ T are non-positive after a decision, which means the
constraint is satisfiable, or no more decision can backtrack,
which means the constraint is unsatisfiable.

Let the integer multiset T (i) list the current status of
each t ∈ T in the visit to the ith row and T (|E|) = T as
the initial condition. Make sure the values of table entries
corresponding to t′ ∈ T (i) are all True during search. Oth-
erwise, there exists t′ ∈ T (i) that cannot be fulfilled by the
elements chosen from the first i elements of E. During the
visit of the ith row, we copy T (i) to T (i − 1), followed by
choosing and modifying a t′ ∈ T (i − 1) with the row ele-
ment ei. The candidates of the chosen t′ depend on how we
visit the row. If the visit takes place at the |E|th row for
the first time or follows the visit of the (i + 1)st row, apply
the function CheckFalse(table,i − 1,T (i − 1)) to check the
size of false position, a list of t′ ∈ T (i − 1) whose corre-
sponding table entry is false and needs to be modified. If
the size is larger than one, a conflict occurs and a backtrack
to the (i + 1)st row is needed, since more than one t′ needs
to be modified by ei simultaneously. If the size equals one,
modify the only t′ in false position with the row element
ei. If the size equals zero, we can either choose and modify
exactly one t′ ∈ T (i − 1) with ei and record the others as
the candidates after backtracking from this decision, or just
leave ei unused. We heuristically choose a t′ first, and leave
it unused when the previous decision encounters a conflict.
On the other hand, if the visit of the ith row backtracks from
the visit of (i − 1)st row, we choose a t′ from the recorded



candidates. If all choices are disproved for a decision, i.e., no
candidate remains and the choice of leaving the row element
unused is disproved, we backtrack again.

-2 -1 0 1 

0 True True True False 

1 True True True True 

1 True True True True 

3 True True True True 

3 True True True True 

T 
E 

× 2 

× 4 

× 3 

× 1 × 1 
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Figure 4: Search traces

Example 5. Continuing Example 4, the search traces are
shown in Figure 4. The table entries marked with circles are
the current statuses t′ ∈ T (i) in the ith row. The integer
labelled beside a circle signifies how many times the corre-
sponding column element present in T (i). First, search starts
from Row 4 and T (4) = {1, 1, 1, 1}. (So the number 4 beside
the corresponding circle signifies the column element 1 ap-
pears four times in T (4).) We choose one of the entries in
T (4), say the first entry, 1, to use the row element e4 = 3 and
propagate to Row 3 with the new multiset T (3) = {−2, 1, 1, 1}
for the first entry is updated by 1− 3 = −2. Repeat the pro-
cess, finally all t’s in T (0) = {−2,−2, 0, 0} are non-positive
in Row 0. Search is successful and the constraint is satisfied.

5. EXPERIMENTAL RESULTS
We implemented the proposed symmetry encoding algo-

rithm in Python. The experiments were conducted on a
Linux machine with a Xeon 2.53GHz CPU and 48GB RAM.
We compare our symmetry encoding with other methods, in-
cluding naive, one-hot, Espresso [4], and MVSIS [10] en-
codings. We further applied three symmetry encoding strate-
gies for comparison, including 1) maximizing symmetry de-
gree without code length restriction, denoted symm-maxs, 2)
trading between symmetry degree and code length, denoted
symm-trad, and 3) maximizing symmetry degree under a
minimum code length, denoted symm-minl.

The finite state machine examples of the LGSynth89 bench-
mark suite were taken to study state encoding. In these
benchmarks, only the state variable is multi-valued. Ta-
ble 1 shows the results of state encoding by six methods,
namely, symm-trad (Columns 5-7), symm-minl (Columns 8-
10), naive (Columns 11 and 12), one-hot (Columns 13 and
14), Espresso (Columns 13 and 14), and MVSIS (Columns
15 and 16). Columns 2, 3, and 4 list the number of input
bits, number of output bits, and number of states of the
benchmarks, respectively. For the statistics of each encoding
method, the columns denoted “sb,” “ratio,” and “time” list
the encoding length for the state variable, the ratio in per-
centage of the number of symmetry pairs to the number of
input pairs of the entire circuit after encoding, and the CPU
time in seconds for symmetry encoding, respectively. For
one-hot and Espresso, the encoding length equals the num-
ber of states; for MVSIS, the encoding length is minimum. As
can been seen, symmetry encoding, especially symm-trad,
achieved a high degree of symmetry compared to other meth-
ods. Comparing symm-trad and symm-minl, we found that

expanding code length by one may effectively increase the
degree of symmetry. Note that, for circuit planet, MVSIS
is not applicable due to its representation limitation of up to
32 values for an MV variable.

To further study the encoding quality, the encoded fi-
nite state machines were further optimized by ABC [2] using
script st; dsd; st; dc2; dc2; dc2; dc2; dc2. The results
are shown in Table 2. For each encoding method, the number
of and-inverter graph (AIG) nodes, denoted “#and,” and the
number of logic levels, denoted “#lev,” are shown. The data
reveal that in most cases MVSIS encoding achieved the best
synthesis quality in terms of circuit sizes. It is not surprising
since MVSIS encoding targets logic minimization. On the
other hand, it can be seen that symm-minl achieved reason-
able circuit quality (comparable to naive, and superior to
one-hot and Espresso in most cases).

 𝑓  
n m 

 ℎ 
 𝑔  

k lg(k) 

n-k 

m 

Figure 5: Functional decomposition in the presence of sym-
metry.

In Tables 1 and 2, we did not show the results of symm-
maxs due to its impractical circuit sizes. Nevertheless, as
mentioned in Section 1, symmetry can be exploited for func-
tional decomposition. We studied how the decomposition
architecture of Figure 5 can be exploited to minimize the
(highly symmetric but huge) circuits produced by symm-
maxs. As shown in the figure, an original function vector
~f is decomposed into a composition of vector ~g and vector
~h, where ~g is a circuit counting the hamming weight of its

inputs. The synthesized circuit of ~f is compared with the

composite circuit of separately synthesized ~g and ~h, all un-
der ABC script st; dc2; dc2; dc2; dc2; dc2. The results
are shown in Table 3, where Column 2 shows the code length
for state encoding, Column 3 shows the ratio in percentage
of the number of symmetry pairs to the number of input
pairs of the entire circuit after encoding, Column 4 shows
the CPU time for symm-maxs encoding, Columns 5 and 6
show the numbers of AIG nodes and logic levels, respec-
tively, after decomposition-based synthesis, and Column 7
(Column 8) shows the ratio of the number of reduced AIG
nodes (increased logic levels) to the number of nodes (levels)
of the circuit before decomposition. As can be seen, func-
tional decomposition under the presence of symmetry can
achieve effective circuit size reduction with relatively small
circuit level increase. (Note that the ratios shown in Column
2 are not 100% because the symmetric pairs were counted
over all input pairs, not just the state variable pairs.)

To study the scalability and quality of our symmetry en-
coding algorithm, we randomly generated 100 (single-input
and single-output) MV functions, which all have fixed four
output values and have 2k input values for k = 5, . . . , 14 (ten
functions for each k were generated). For our symmetry en-
coding, most of the cases are solved within 10 seconds; the
most time-consuming cases (symm-trad on the ten functions
with 16384 input values) took 73.88 seconds on average. The
results suggested that our encoding algorithm can handle MV
functions with tens of thousands of input values in reasonable



Table 1: State Encoding: Degree of Symmetry

Name #in #out #state
symm-trad symm-minl naive one-hot / Espresso MVSIS

sb ratio time sb ratio time sb ratio sb ratio sb ratio

bbara 4 2 10 5 19.44 0.12 4 7.14 0.06 4 3.57 10 1.1 4 3.57
bbsse 7 7 16 5 4.55 1.63 4 0 0.75 4 0 16 1.19 4 0
bbtas 2 2 6 3 10.00 0.00 3 10.00 0.00 3 0 6 0 3 0

beecount 3 4 7 4 14.29 0.03 3 0 0.01 3 0 7 0 3 0
cse 7 7 16 5 6.06 1.71 4 1.82 0.77 4 0 16 0 4 0

dk14 3 5 7 4 14.29 0.03 3 0 0.01 3 0 7 0 3 0
dk15 3 5 4 3 20.00 0.01 2 0 0.01 2 0 4 0 2 0
dk16 2 3 27 6 10.71 0.07 5 0 0.02 5 0 27 0 5 0
dk17 2 3 8 4 20.00 0.01 3 0 0.01 3 0 8 0 3 0
dk27 1 2 7 4 30.00 0.01 3 0 0.00 3 0 7 0 3 0
dk512 1 3 15 5 20.00 0.03 4 0 0.01 4 0 15 0 4 0
donfile 2 1 24 5 4.76 0.03 5 4.76 0.02 5 0 24 0 5 0

ex1 9 19 20 6 5.71 177.88 5 1.10 26.70 5 0 20 0 5 0
ex2 2 2 19 6 21.43 0.04 5 4.76 0.02 5 0 19 0 5 0
ex3 2 2 10 5 28.57 0.02 4 6.67 0.01 4 0 10 0 4 0
ex4 6 9 14 5 5.45 0.59 4 0 0.43 4 0 14 0 4 0
ex5 2 2 9 5 28.57 0.02 4 6.67 0.01 4 0 9 0 4 0
ex6 5 8 8 4 8.33 0.12 3 0 0.08 3 0 8 0 3 0
ex7 2 2 10 5 28.57 0.03 4 6.67 0.01 4 0 10 0 4 0
keyb 7 2 19 6 7.69 2.99 5 1.52 1.19 5 0 19 0 5 0
lion 2 1 4 3 28.57 0.00 2 6.67 0.00 2 0 4 0 2 0
lion9 2 1 9 5 30.00 0.02 4 0 0.01 4 0 9 0 4 0
mc 3 5 4 3 20.00 0.01 2 0 0.01 2 0 4 0 2 0

modulo12 1 1 12 4 10.00 0.01 4 10.00 0.00 4 0 12 0 4 0
planet 7 19 48 6 1.28 9.65 6 1.28 9.64 6 0 48 0 - -

s1 8 6 20 6 6.59 13.89 5 1.28 4.12 5 0 20 0 5 0
s8 4 1 5 4 21.43 0.03 3 4.76 0.01 3 0 5 0 3 0

shiftreg 1 1 8 4 30.00 0.01 3 0 0.00 3 0 8 0 3 0
sse 7 7 16 5 4.55 1.59 4 0 0.73 4 0 16 1.19 4 0
styr 9 10 30 6 2.86 80.28 5 0 21.38 5 0 30 0 5 0
tav 4 4 4 3 14.29 0.02 2 0 0.01 2 0 4 0 2 0
tbk 6 3 32 6 4.55 1.47 5 0 0.72 5 0 32 0 5 0

train11 2 1 11 5 28.57 0.03 4 6.67 0.01 4 0 11 0 4 0
train4 2 1 4 3 40.00 0.01 2 16.67 0.00 2 16.67 4 6.67 2 16.67

Table 2: State Encoding: Circuit Synthesis

Name
symm-trad symm-minl naive one-hot Espresso MVSIS

#and #lev #and #lev #and #lev #and #lev #and #lev #and #lev

bbara 125 11 80 8 65 7 147 12 121 10 60 7
bbsse 188 12 121 9 119 8 243 17 191 11 118 9
bbtas 19 6 19 6 23 4 47 6 41 5 21 6

beecount 40 8 32 6 59 6 154 11 123 10 57 7
cse 332 15 211 12 211 12 347 19 321 15 184 10

dk14 110 9 99 7 85 7 169 11 147 9 81 8
dk15 87 8 57 7 54 6 105 9 101 9 50 6
dk16 480 12 288 12 287 11 488 15 453 14 265 11
dk17 94 8 58 7 56 6 126 10 104 10 45 6
dk27 44 8 28 5 22 4 48 6 43 5 18 5
dk512 121 8 63 7 59 7 134 9 115 7 64 8
donfile 196 10 196 10 224 9 426 23 396 23 97 10

ex1 636 14 460 13 374 11 700 21 531 18 219 13
ex2 408 13 180 10 169 10 323 17 248 11 165 10
ex3 155 10 74 7 72 7 136 11 120 8 80 7
ex4 160 9 80 8 92 7 177 14 148 9 74 6
ex5 104 10 72 7 72 8 136 13 103 8 76 8
ex6 151 10 130 7 102 8 227 15 176 9 115 7
ex7 77 9 78 8 70 7 137 11 128 10 81 7
keyb 518 16 290 15 326 16 378 24 330 25 262 15
lion9 99 10 56 8 69 8 116 13 70 8 55 5
lion 16 6 9 4 10 4 37 8 39 7 13 8
mc 33 6 17 5 16 4 43 7 42 7 13 4

modulo12 34 8 34 8 35 6 94 6 91 6 16 5
planet 575 12 575 12 613 11 1711 41 1657 41 - -

s1 849 16 458 13 460 16 596 25 553 21 316 15
s8 85 12 46 9 42 7 83 8 68 8 48 7

shiftreg 23 8 24 5 14 4 44 5 34 4 0 0
sse 188 12 162 9 107 9 221 17 191 11 118 9
styr 1022 17 575 14 644 16 942 26 927 27 446 14
tav 21 5 14 4 16 4 27 10 32 7 16 4
tbk 1499 19 911 15 887 16 1558 37 1109 29 210 15

train11 77 10 62 8 83 9 139 13 94 14 76 9
train4 17 5 10 4 13 4 31 6 25 5 9 5
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Figure 6: Scalability study. Results of symm-trad, symm-minl, and naive are plotted in “+,” “×,” and “∗,” respectively.

Table 3: Circuit Reduction by Functional Decomposition

Name sb ratio time #and #lev size(−) lev(+)

bbara 9 47.44 1.63 463 23 0.66 0.35
bbtas 5 47.62 0.01 70 13 0.23 0.44

beecount 6 41.67 0.08 132 17 0.08 0.70
dk14 6 41.67 0.05 197 16 0.57 0.14
dk15 3 20.00 0.01 68 10 0.22 0.25
dk17 7 58.33 0.06 164 17 0.66 0.21
dk27 6 71.43 0.01 75 12 0.28 0.09
dk512 14 86.67 5.92 2169 27 0.85 0.13
ex3 9 65.45 0.23 391 22 0.74 0.29
ex5 8 62.22 0.11 279 20 0.66 0.33
ex6 7 31.82 1.21 292 19 0.71 0.27
ex7 9 65.45 0.22 353 22 0.73 0.22
lion 3 62.22 0.00 231 19 0.68 0.27
lion9 8 30.00 0.09 15 5 0.06 -0.17
mc 3 20.00 0.01 28 7 0.15 0.17

modulo12 11 83.33 0.40 582 22 0.83 0.00
s8 4 21.43 0.03 92 12 -0.08 0.00

shiftreg 7 75.00 0.01 120 15 0.15 0.36
tav 3 14.29 0.02 21 5 0.00 0.00

train11 9 65.45 0.22 315 21 0.60 0.11
train4 3 40.00 0.00 16 6 0.06 0.20

runtime.
As for encoding quality, three encoding methods symm-

trad, symm-minl, and naive, were compared in Figure 6,
where each dot corresponds to the average value of ten en-
coded circuits. The encoded circuits were simplified using the
same ABC synthesis script as that of Table 2. As can be seen,
symm-trad and symm-minl are superior to naive in terms
of AIG sizes, logic levels, and symmetry degrees. Moreover,
the quality gap tends to increase for large test cases. (We did
not compare with MVSIS due to its limitation of handling up
to 32 MV values, not compare with one-hot and Espresso
due to their inferior qualities suggested in Table 2.)

6. CONCLUSION AND FUTURE WORK
This paper formulated the Symmetry Encoding Problem

in terms of a system of subset-sum constraints. We showed
that code length and symmetry degree can be adjusted for
a tradeoff. A decision procedure was proposed for effective
subset-sum constraint solving. Experiments suggested that
symmetry encoding is advantageous in terms of increasing
symmetry degree while circuit size and logic depth can be
maintained comparable with other encoding methods.

As this paper focused on independent MV input encod-
ing, for future work, we would like to consider dependent
MV input encoding. Moreover, encoding taking into account
symmetric pairs for variables belonging to two different MV
inputs could be considered. One might relax the injectivity
restriction of our encoding to allow one-to-many mappings.
As our method opens up a new direction, encoding for other
functional properties, such as unateness, can be considered.
Also it would be interesting to identify other applications of

our decision procedure of subset-sum constraint solving.
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